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SOME LIMITS OF THE COLORED JONES POLYNOMIALS
OF THE FIGURE-EIGHT KNOT
HITOSHI MURAKAMI
Abstract. We will study the asymptotic behaviors of the colored Jones poly-
nomials of the figure-eight knot. In particular we will show that for certain
limits we obtain the volumes of the cone manifolds with singularities along the
knot.
1. Introduction
Let JN (K; t) be the colored Jones polynomial of a knotK associated with the N -
dimensional irreducible representation of the Lie algebra sl(2;C), normalized so that
JN (unknot; t) = 1. If we evaluate it at the N -th root of unity exp(2pi
√−1/N), then
its absolute value coincides with Kashaev’s invariant [2, 3, 9]. It was conjectured
by R. Kashaev [3] that the growth rate of his invariant for large N determines
the hyperbolic volume of a hyperbolic knot. His conjecture was generalized by
J. Murakami and the author to the following Volume Conjecture:
Conjecture 1.1 (Volume Conjecture). Let K be any knot. Then
2pi lim
N→∞
log
∣∣JN (K; exp(2pi√−1/N))∣∣
N
= v3‖S3 \K‖,
where v3 is the volume of the ideal regular hyperbolic tetrahedron and ‖M‖ is the
Gromov norm (or simplicial volume). In particular if K is hyperbolic, then the
right hand side coincides with the volume of the knot complement Vol(S3 \K).
See [4, 14, 12, 13, 15, 16, 10, 5, 7, 6, 8] for related topics.
In this paper we will study limits of the colored Jones polynomials of the figure-
eight knot evaluated at exp(2pir
√−1/N) for a fixed number r. Put Λ(z) :=
−
∫ z
0
log |2 sinx|dx, the Lobachevski function, and θ(r) := arccos (cos(2pir) − 1/2)
with 0 ≤ arccos(x) ≤ pi.
Theorem 1.2. Let r be a real number satisfying 5/6 < r < 7/6. Then
2pi lim sup
N→∞
log
∣∣JN (E; exp(2pir√−1/N))∣∣
N
=
2Λ
(
pir + θ(r)/2
)− 2Λ(pir − θ(r)/2)
r
.
Moreover if r is irrational or r = 1, then
2pi lim
N→∞
log
∣∣JN (E; exp(2pir√−1/N))∣∣
N
=
2Λ
(
pir + θ(r)/2
)− 2Λ(pir − θ(r)/2)
r
,
and if r 6= 1 and rational, then
2pi lim inf
N→∞
log
∣∣JN (E; exp(2pir√−1/N))∣∣
N
= 0
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Remark 1.3. The case where r = 1 is due to R. Kashaev [3] and T. Ekholm [5],
and the following proof is similar to Ekholm’s.
Remark 1.4. The value 2Λ
(
pir+θ(r)/2
)−2Λ(pir−θ(r)/2) coincides with the volume
of the cone-manifold with underlying space S3, the singularity the figure-eight knot,
and the cone-angle 2pi|1− r| [11, 1], which was informed by S. Gukov, A. Mednykh,
and A. Vesnin.
Remark 1.5. Some results in [8] were erroneously stated. The author did not
consider the case where r is rational.
We also calculate the limits for some other cases.
2. Preliminaries
Let E denote the figure-eight knot 41. Due to K. Habiro and T. Le, the following
formula is known.
(2.1) JN (E; t) =
N−1∑
k=0
k∏
j=1
(
t(N+j)/2 − t−(N+j)/2
)(
t(N−j)/2 − t−(N−j)/2
)
.
Put t = exp(2pir
√−1/N). Since
t(N+j)/2 − t−(N+j)/2 = 2√−1 sin(pir(N + j)/N)
and
t(N−j)/2 − t−(N−j)/2 = 2√−1 sin(pir(N − j)/N),
we have(
t(N+j)/2 − t−(N+j)/2
)(
t(N−j)/2 − t−(N−j)/2
)
= 4 sin(pirj/N + pir) sin(pirj/N − pir).
Put
g(j) : = 4 sin(pirj/N + pir) sin(pirj/N − pir)
= 2 cos(2pir) − 2 cos(2pirj/N)
and
f(k) : =
k∏
j=1
g(j)
so that JN (E; exp(2pir
√−1/N)) =∑N−1k=0 f(k).
3. The case where r is irrational and 5/6 < r < 1 or r = 1.
In this section we prove Theorem 1.2 in the case where 5/6 < r < 1 and r is
irrational, or r = 1.
We put
B :=
N(1− r)
r
, C :=
Nθ(r)
2pir
, and D :=
N(2pi − θ(r))
2pir
with θ(r) := arccos (cos(2pir) − 1/2). Here arccos takes its value between 0 and
pi. Note that 0 ≤ B < C < D < 1 (B = 0 only if r = 1), that g(B) = 0 and
g(C) = g(D) = 1, and that B is not an integer for any N since r is irrational.
Therefore g(j) 6= 0 for any integer 0 < j < N in this case.
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Since we have
−1 < g(j) < 0 for 0 < j < B,
0 < g(j) < 1 for B < j < C,
g(j) > 1 for C < j < D, and
0 < g(j) < 1 for D < j < N,
Table of g(j) regarding j as a continuous parameter
j 0 · · · B · · · C · · · D · · · N
g(j) −1 < g(0) < 0 ր 0 ր 1 > 1 1 ց 0
we see
(1) If j < B then the signs of f(j) alternate, that is, f(j − 1)f(j) < 0, and if
j > B then the signs of f(j) are constant, and
(2) 1 = |f(0)| > |f(1)| > · · · > |f(⌊C⌋ − 1)| and |f(⌊C⌋)| < · · · < |f(⌊D⌋)|,
where ⌊x⌋ is the greatest integer that does not exceed x.
Put FN := |f(⌊D⌋)|, which is the maximum of {|f(j)|} for 0 ≤ j ≤ N − 1.
We will show the following inequality.
Claim 3.1.
FN − 1 ≤
∣∣JN (E; exp(2pir√−1/N))∣∣ ≤ NFN
Proof. The last inequality follows since |f(j)| ≤ FN and JN (E; exp(2pir
√−1/N)) =∑N−1
j=0 f(j).
To prove the first inequality, first we consider the case where ⌊B⌋ is odd. In this
case since f(0) = 1, f(2j − 1) + f(2j) < 0 for 2j < ⌊B⌋, and f(j) < 0 for j ≥ ⌊B⌋,
we have∣∣JN (E; exp(2pir√−1/N))∣∣
=
∣∣f(0) + {f(1) + f(2)}+ {f(3) + f(4)}+ · · ·+ {f(⌊B⌋ − 2) + f(⌊B⌋ − 1)}
+ f(⌊B⌋) + f(⌊B⌋+ 1) + · · ·+ f(N − 1)
∣∣
= −1 + |f(1) + f(2)|+ |f(3) + f(4)|+ · · ·+ |f(⌊B⌋ − 2) + f(⌊B⌋ − 1)|
+ |f(⌊B⌋)|+ |f(⌊B⌋+ 1)|+ · · ·+ |f(⌊D⌋)|+ · · ·+ |f(N − 1)|
> FN − 1
and the first equality follows.
Next we consider the case where ⌊B⌋ is even. In this case since f(2j)+f(2j+1) >
0 for 2j + 1 < ⌊B⌋, and f(j) > 0 for j ≥ ⌊B⌋, we have∣∣JN (E; exp(2pir√−1/N))∣∣
=
∣∣{f(0) + f(1)}+ {f(2) + f(3)}+ · · ·+ {f(⌊B⌋ − 2) + f(⌊B⌋ − 1)}
+ f(⌊B⌋) + f(⌊B⌋+ 1) + · · ·+ f(N − 1)∣∣
= |f(0) + f(1)|+ |f(2) + f(3)|+ · · ·+ |f(⌊B⌋ − 2) + f(⌊B⌋ − 1)|
+ |f(⌊B⌋)|+ |f(⌊B⌋+ 1)|+ · · ·+ |f(⌊D⌋)|+ · · ·+ |f(N − 1)|
> FN .
and the first equality also follows. 
Now we study the asymptotic behavior of FN .
Claim 3.2.
lim
N→∞
logFN
N
=
1
pir
{Λ (pir + θ(r)/2)− Λ (pir − θ(r)/2)} .
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Proof. Since
FN = |f(⌊D⌋)| =
⌊D⌋∏
j=1
|g(j)|
=
⌊D⌋∏
j=1
|2 sin(pirj/N + pir)| |2 sin(pirj/N − pir)| ,
we have
lim
N→∞
logFN
N
= lim
N→∞
1
N
⌊D⌋∑
j=1
{log |2 sin(pirj/N + pir)| + log |2 sin(pirj/N − pir)|}
=
1
pir
∫ pi−θ(r)/2+pir
pir
log |2 sinx|d x+ 1
pir
∫ pi−θ(r)/2−pir
−pir
log |2 sinx|d x
=
1
pir
{−Λ(pi − θ(r)/2 + pir) + Λ(pir) − Λ(pi − θ(r)/2 − pir) + Λ(−pir)}
=
1
pir
{Λ(pir + θ(r)/2) − Λ(pir − θ(r)/2)} .
Here we use the formulas −Λ(−x) = Λ(x+ pi) = Λ(x). 
Since Λ(pir+θ(r)/2)−Λ(pir−θ(r)/2) > 0 (see Appendix), FN grows exponentially
and so limN→∞ log(FN − 1)/N = limN→∞ logFN/N .
Now since limN→∞ logN/N = 0, we have from Claim 3.1
lim
N→∞
log |JN (E; exp(2pir
√−1/N))|
N
= lim
N→∞
logFN
N
=
1
pir
{Λ(pir + θ(r)/2) − Λ(pir − θ(r)/2)} .
This completes proof of the theorem in the case where r is irrational with 5/6 <
r < 1 or r = 1.
4. The case where r is irrational and 1 < r < 7/6
We put
B :=
N(r − 1)
r
, C :=
Nθ(r)
2pir
, D :=
N(2pi − θ(r))
2pir
, and B′ :=
N(2− r)
r
Note that 0 < B < C < D < 1, that g(B) = g(B′) = 0 and g(C) = g(D) = 1, and
that B and B′ are not integers for any N since r is irrational. Therefore g(j) 6= 0
for any integer 0 < j < N in this case.
Since we have
−1 < g(j) < 0 for 0 < j < B,
0 < g(j) < 1 for B < j < C,
g(j) > 1 for C < j < D,
0 < g(j) < 1 for D < j < B′, and
−1 < g(j) < 0 for B′ < j < N,
the proof is similar to the case where 5/6 < r < 1. We put FN := |f(⌊D⌋)|.
Table of g(j) regarding j as a continuous parameter
j 0 · · · B · · · C · · · D · · · B′ · · · N
g(j) −1 < g(0) < 0 ր 0 ր 1 g(j) > 1 1 ց 0 −1 < g(j) < 0 0
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If ⌊B⌋ is odd, we have∣∣JN (E; exp(2pir√−1/N))∣∣
=
∣∣f(0) + {f(1) + f(2)}+ {f(3) + f(4)}+ · · ·+ {f(⌊B⌋ − 2) + f(⌊B⌋ − 1)}
+ f(⌊B⌋) + f(⌊B⌋+ 1) + · · ·+ f(⌊B′⌋ − 1)
+ f(⌊B′⌋) + f(⌊B′⌋+ 1) + · · ·+ f(N − 1)
∣∣
= −1 + |f(1) + f(2)|+ |f(3) + f(4)|+ · · ·+ |f(⌊B⌋ − 2) + f(⌊B⌋ − 1)|
+ |f(⌊B⌋)|+ |f(⌊B⌋+ 1)|+ · · ·+ |f(⌊D⌋)|+ · · ·+ |f(⌊B′⌋ − 1)|
+


|f(⌊B′⌋) + f(⌊B′⌋+ 1)|+ · · ·+ |f(N − 2)− f(N − 1)|
if N − ⌊B′⌋ is even
|f(⌊B′⌋) + f(⌊B′⌋+ 1)|+ · · ·+ |f(N − 3)− f(N − 2)|+ |f(N − 1)|
if N − ⌊B′⌋ is odd
> FN − 1
If ⌊B⌋ is even,∣∣JN (E; exp(2pir√−1/N))∣∣
=
∣∣{f(0) + f(1)}+ {f(2) + f(3)}+ · · ·+ {f(⌊B⌋ − 2) + f(⌊B⌋ − 1)}
+ f(⌊B⌋) + f(⌊B⌋+ 1) + · · ·+ f(⌊B′⌋ − 1)
+ f(⌊B′⌋) + |f(⌊B′⌋+ 1)|+ · · ·+ |f(N − 1)|
∣∣
= |f(0) + f(1)|+ |f(2) + f(3)|+ · · ·+ |f(⌊B⌋ − 2) + f(⌊B⌋ − 1)|
+ |f(⌊B⌋)|+ |f(⌊B⌋+ 1)|+ · · ·+ |f(⌊D⌋)|+ · · ·+ |f(⌊B′⌋ − 1)|
+


|f(⌊B′⌋) + f(⌊B′⌋+ 1)|+ · · ·+ |f(N − 2)− f(N − 1)|
if N − ⌊B′⌋ is even
|f(⌊B′⌋) + f(⌊B′⌋+ 1)|+ · · ·+ |f(N − 3)− f(N − 2)|+ |f(N − 1)|
if N − ⌊B′⌋ is odd
> FN .
So we have FN − 1 < |JN (E; exp(2pir
√−1/N))| < NFN , and the result follows,
completing the proof of Theorem 1.2.
As a corollary we have
Corollary 4.1.
lim
r→1
{
lim sup
N→∞
log
∣∣JN (E; exp(2pir√−1))∣∣
N
}
= lim sup
N→∞
log
∣∣JN (E; exp(2pi√−1))∣∣
N
5. The case where r is rational and |1− r| < 1/6.
Put r := q/p with coprime integers p and q.
Suppose first that N is not a multiple of q. Then B and B′ are not integers
and g(j) 6= 0 for any j. So in this case a similar argument for the case where r is
irrational applies and we have
log |JN ′(E; exp(2pir
√−1/N))|
N ′
→ 1
pir
{Λ(pir + θ(r)/2)− Λ(pir − θ(r)/2)}
for the subsequence {N ′} of natural numbers which are not multiples of q.
Next suppose that N is a multiple of q, say N = nq. Then B is an integer since
B = n(p − q) (n(q − p) respectively) if 5/6 < r < 1 (1 < r < 7/6 respectively).
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Therefore −1 < g(j) < 0 for 0 < j < B and g(j) = 0 for j ≥ B and so |f(j)| < 1
for 0 < j < B and f(j) = 0 for j ≥ B. Thus we have
∣∣JN (E; exp(2pir√−1/N))∣∣ =
∣∣∣∣∣
N−1∑
k=0
f(k)
∣∣∣∣∣ =
∣∣∣∣∣
B−1∑
k=0
f(k)
∣∣∣∣∣ ≤
B−1∑
k=0
|f(k)|
< B = N |1− 1/r|.
Moreover since
∣∣∣∣∣
B−1∑
k=0
f(k)
∣∣∣∣∣ =


{1 + f(1)}+ {f(2) + f(3)}+ · · ·+ {f(⌊B⌋ − 2) + f(⌊B⌋ − 1)}
if ⌊B⌋ is even
{1 + f(1)}+ · · ·+ {f(⌊B⌋ − 3) + f(⌊B⌋ − 2)}+ f(⌊B⌋ − 1)
if ⌊B⌋ is odd
> 1 + f(1) = 1 + 2 cos(2pir) − 2 cos(2pir/N)
> 2− 2 cos(2pir/N).
Therefore
|JN (E; exp(2pir
√−1/N))| > 2− 2 cos(2pir/N) > 2− 2
(
1− (2pir/N)
6
6!
)
= (2pir)6/360N6.
So we finally have
log
(
(2pir)6/360N6
)
N
<
log |JN (E; exp(2pir
√−1/N))|
N
<
log(N |1− 1/r|)
N
and so log |JN (E; exp(2pir
√−1/N))|/N can be arbitrarily small in this case. There-
fore
log |JN ′′(E; exp(2pir
√−1/N))|
N ′′
→ 0
for the subsequence {N ′′} of multiples of q.
The proof in this case is complete.
6. The case where 0 ≤ r < 1/6.
In this section we will show the following proposition.
Proposition 6.1. For any r with 0 ≤ r < 1/6, we have
lim
N→∞
log |JN (E; exp(2pir
√−1/N))|
N
= 0.
Proof. Since JN (E; 1) = 1, we have the equality when r = 0.
If 0 < r < 1/6, then −1 < g(j) < 0 for j = 1, 2, . . . , N − 1 and so |f(k)| < 1 for
k = 1, 2, . . . , N − 1. Therefore
∣∣JN (E; exp(2pir√−1/N))∣∣ =
∣∣∣∣∣
N−1∑
k=0
f(k)
∣∣∣∣∣ < N.
On the other hand, since f(k) is positive (negative, respectively) if k is even (odd,
respectively) and |f(k)| is decreasing, we have∣∣∣∣∣
N−1∑
k=0
f(k)
∣∣∣∣∣
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=


{1 + f(1)}+ {f(2) + f(3)}+ · · ·+ {f(N − 2) + f(N − 1)}
if N is even
{1 + f(1)}+ {f(2) + f(3)}+ · · ·+ {f(N − 3) + f(N − 2)}+ f(N − 1)
if N is odd
> 1 + f(1) = 1 + 2 cos(2pir) − 2 cos(2pir/N) > (2pir)6/360N6.
Therefore we have
log
(
(2pir)6/360N6
)
N
<
log
(
JN
(
E; exp(2pir
√−1/N)))
N
<
logN
N
and the proposition follows. 
7. The case where r is irrational and 1/6 ≤ |1 − r| < 1/4.
In this section we will prove a result similar to Theorem1.2 for irrational r with
1/6 ≤ |1− r| < 1/4.
Proposition 7.1. If r is irrational and 1/6 ≤ |1− r| < 1/4, then we have
lim sup
N→∞
2pi
log
∣∣JN (E; exp(2pir√−1/N))∣∣
N
=
2Λ
(
pir + θ(r)/2
)− 2Λ(pir − θ(r)/2)
r
.
First we prove the proposition in the case where 3/4 < r ≤ 5/6.
Proof when 3/4 < r ≤ 5/6. We put
A :=
Nϕ(r)
2pir
, B :=
N(1− r)
r
, C :=
Nθ(r)
2pir
, and D :=
N(2pi − θ(r))
2pir
,
with ϕ(r) := arccos (cos(2pir) + 1/2) and θ(r) := arccos (cos(2pir)− 1/2). Note
that g(A) = −1, g(B) = 0, and g(C) = g(D) = 1.
Since
g(j) < −1 for j < A,
−1 < g(j) < 0 for A < j < B,
0 < g(j) < 1 for B < j < C,
g(j) > 1 for C < j < D, and
0 < g(j) < 1 for D < j,
Table of g(j) regarding j as a continuous parameter
j 0 · · · A · · · B · · · C · · · D · · · N
g(j) g(0) < −1 ր −1 ր 0 ր 1 g(j) > 1 1 ց 0
we have
• 1 = |f(0)| < |f(1)| < · · · < |f(⌊A⌋ − 1)| < |f(⌊A⌋)|,
• |f(⌊A⌋)| > |f(⌊A⌋ + 1)| > · · · > |f(⌊B⌋ − 1)| > |f(⌊B⌋)| > |f(⌊B⌋+ 1)| >
· · · > |f(⌊C⌋ − 1)| > |f(⌊C⌋)|,
• |f(⌊C⌋)| < |f(⌊C⌋+ 1)| < · · · < |f(⌊D⌋ − 1)| < |f(⌊D⌋)|, and
• |f(⌊D⌋)| > |f(⌊D⌋+ 1)| > · · · > |f(N − 2)| > |f(N − 1)|.
Therefore |f(k)| takes its ‘local maxima’ at k = ⌊A⌋ and ⌊D⌋.
Now we have
lim
N→∞
log |f(⌊A⌋)|
N
= lim
N→∞
1
N
⌊A⌋∑
j=1
{log |2 sin(pirj/N + pir)|+ log |2 sin(pirj/N − pir)|}
=
1
pir
∫ ϕ(r)/2+pir
pir
log |2 sin y| dy + 1
pir
∫ ϕ(r)/2−pir
−pir
log |2 sin y| dy
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=
Λ(pir − ϕ(r)/2) − Λ(pir + ϕ(r)/2)
pir
and similarly
lim
N→∞
log |f(⌊D⌋)|
N
=
1
pir
∫ pi−θ(r)/2+pir
pir
log |2 sin y| dy + 1
pir
∫ pi−θ(r)/2−pir
−pir
log |2 sin y| dy
=
Λ(pir + θ(r)/2)− Λ(pir − θ(r)/2)
pir
.
Since
(7.1) δ := pir
(
lim
N→∞
log |f(⌊D⌋)|
N
− lim
N→∞
log |f(⌊A⌋)|
N
)
= Λ(pir + θ(r)/2)− Λ(pir − θ(r)/2) + Λ(pir + ϕ(r)/2)− Λ(pir − ϕ(r)/2) > 0,
(see Appendix) we see that |f(⌊D⌋)| is the maximum, that is, |f(k)| ≤ |f(⌊D⌋)| for
sufficient large N . Therefore |JN (E; exp(2pir
√−1/N))| < N |f(⌊D⌋)|.
On the other hand, since the sign of f(k) does not change for k ≥ ⌊B⌋ and
|f(k)| < |f(⌊A⌋)| for k ≤ ⌊C⌋, we have
|JN (E; exp(2pir
√−1/N))|
=
∣∣∣∣∣
N−1∑
k=0
f(k)
∣∣∣∣∣ >
∣∣∣∣∣∣f(⌊D⌋)−
⌊B−1⌋∑
k=0
f(k)
∣∣∣∣∣∣ > |f(⌊D⌋)−Nf(⌊A⌋)| .
Since
|f(⌊A⌋)|
|f(⌊D⌋)| ∼N→∞ exp(−δN)
from (7.1), we have
|JN (E; exp(2pir
√−1/N))| > |f(⌊D⌋)|
(
1−N f(⌊A⌋)
f(⌊D⌋)
)
∼
N→∞
|f(⌊D⌋)|{1−N exp(−δN)}
N→∞−−−−→ |f(⌊D⌋)|.
So we finally have
lim
N→∞
log |JN (E; exp(2pir
√−1/N))|
N
= lim
N→∞
log |f(⌊D⌋)|
N
=
Λ(pir + θ(r)/2)− Λ(pir − θ(r)/2)
pir
as required. 
Next we will consider the case where 7/6 ≤ r < 5/4.
Proof when 7/6 ≤ r < 5/4. We put
A :=
Nϕ(r)
2pir
, B :=
N(r − 1)
r
, C :=
Nθ(r)
2pir
, D :=
N(2pi − θ(r))
2pir
,
B′ :=
N(2− r)
r
, A′ :=
N(2pi − ϕ(r))
r
, and A′′ :=
N(2pi + ϕ(r))
r
with ϕ(r) := arccos (cos(2pir) + 1/2) and Note that g(A) = g(A′) = g(A′′) = −1,
g(B) = g(B′) = 0, and g(C) = g(D) = 1.
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Since
g(j) < −1 for j < A,
−1 < g(j) < 0 for A < j < B,
0 < g(j) < 1 for B < j < C,
g(j) > 1 for C < j < D,
0 < g(j) < 1 for D < j < B′,
−1 < g(j) < 0 for B′ < j < A′,
g(j) < −1 for A′ < j < A′′, and
−1 < g(j) < 0 for j > A′′,
|f(k)| has three ‘local maxima’ at k = ⌊A⌋, ⌊D⌋, and ⌊A′′⌋.
But since
lim
N→∞
log |f(⌊A′′⌋)|
N
= lim
N→∞
1
N
⌊A′′⌋∑
j=1
{log |2 sin(pirj/N + pir)| + log |2 sin(pirj/N − pir)|}
=
1
pir
∫ pi+ϕ(r)/2+pir
pir
log |2 sin y| dy + 1
pir
∫ pi+ϕ(r)/2−pir
−pir
log |2 sin y| dy
=
Λ(pir − ϕ(r)/2)− Λ(pir + ϕ(r)/2)
pir
< 0,
|f(⌊D⌋)| is the unique maximum. Therefore the argument for the case 3/4 < r ≤
5/6 can be applied and the proof is complete. 
8. The case where r is purely imaginary.
In this section we consider the case where t = exp(2pir/N).
Theorem 8.1. If 2pi|r| > arccosh(3/2), then
2pi|r| lim
N→∞
log JN (E; exp(2pir/N))
N
= 2Γ(pi|r|+ ϕ(|r|)/2) − 2Γ(pi|r| − ϕ(|r|)/2),
where Γ(z) :=
∫ z
0
log 2 sinhxdx and ϕ(r) := arccosh(cosh(2pir) − 1/2). If 2pi|r| ≤
arccosh(3/2), then
lim
N→∞
log JN (E; exp(2pir/N))
N
= 0.
Proof. In this case
g(j) = 4 sinh(pi|r|j/N + pi|r|) sinh(pi|r|j/N − pi|r|)
= 2 cosh(2pi|r|)− 2 cosh(2pi|r|j/N) > 0.
Since g(j) is monotonically decreasing and g(0) = 2 cosh(2pi|r|) − 2, f(k) =∏k
j=1 g(j) takes its maximum at g(⌊ϕ(|r|)N/2pi|r|⌋) if g(0) > 1. Therefore
lim
N→∞
log JNE; exp(2pi|r|/N)
N
= lim
N→∞
log f(⌊ϕ(|r|)N/2pi|r|⌋)
N
= lim
N→∞
⌊ϕ(|r|)N/2pi|r|⌋∑
j=1
log 2 sinh(pi|r|j/N + pi|r|)
N
+ lim
N→∞
⌊ϕ(|r|)N/2pi|r|⌋∑
j=1
log 2 sinh(pi|r|j/N − pi|r|)
N
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=
1
pi|r|
∫ ϕ(|r|)/2+pi|r|
pi|r|
log 2 sinhxdx+
1
pi|r|
∫ ϕ(|r|)/2−pi|r|
−pi|r|
log 2 sinhxdx
and the result follows when 2pi|r| > arccosh(3/2).
If 2pi|r| ≤ arccosh(3/2), then g(j) < g(0) = 2 cosh(2pi|r|) − 2 ≤ 1 and so
N > JN (J ; exp(2pi|r|/N)) > g(0)− ε = 2 cosh(2pir) − 2− ε
for any ε > 0 if N is sufficiently large. Therefore
lim
N→∞
log JN (E; exp(2pir/N))
N
= 0
as required. 
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Appendix A. Some calculations
Lemma A.1. For |r − 1| < 1/3, we have
Λ(pir + θ(r)/2)− Λ(pir − θ(r)/2) > 0
Proof. Put V (r) := Λ(pir + θ(r)/2)− Λ(pir − θ(r)/2) Since
4 sin(pir + θ(r)/2) sin(pir − θ(r)/2) = 2 cos(θ(r)) − 2 cos(2pir) = −1,
we have
d V (r)
d r
= − log |2 sin(pir + θ(r)/2)|
(
pi +
1
2
d θ(r)
d r
)
+ log |2 sin(pir − θ(r)/2)|
(
pi − 1
2
d θ(r)
d r
)
= 2pi log |2 sin(pir − θ(r)/2)| .
Since pi/6 ≤ pir − θ(r)/2 < 5pi/6 for 2/3 < r < 1, sin(pir − θ(r)/2) > 1/2 and so
d V (r)/d r > 0. Therefore V (r) ≥ 0 for 2/3 < r < 1 since V (2/3) = 0.
Since V (2− r) = V (r), the equality also holds for 1 < r < 4/3. 
Lemma A.2. For 1/6 < |r − 1| < 1/4, we have
Λ(pir + θ(r)/2)− Λ(pir − θ(r)/2) + Λ(pir + ϕ(r)/2) − Λ(pir − ϕ(r)/2) > 0
Proof. Put W (r) := Λ(pir + θ(r)/2) − Λ(pir − θ(r)/2) + Λ(pir + ϕ(r)/2) − Λ(pir −
ϕ(r)/2). As in the proof of the previous lemma, we have
dW (r)
d r
= 2 log |2 sin(pir − θ(r)/2)|+ 2 log |2 sin(pir − ϕ(r)/2)|.
Since 7pi/12 < pir − ϕ(r)/2 < 5pi/6 for 3/4 < r < 5/6, sin(pir − ϕ(r)/2) > 1/2 and
so dW (r)/d r > 0. Therefore W (r) > 0 for 3/4 < r < 5/6 since V (3/4) = 0.
Since W (2 − r) =W (r), the equality also holds for 7/6 < r < 5/4. 
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